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Transitional flow has an emergent predator-
prey dynamics
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Body forces can turn transition
discontinuous

* How do body

forces delay and
sharpen the DP
transition?

* How does the
crossover from the
continuous
transition occur? @/

e Still a phase
transition or just
subcriticality?

&

r

Picture: (top) Sigalotti et al., Fluids 8.12 (2023): 308; (bottom) E. Marensi et al., J.

Fluid Mech. (2021), vol. 919, A17.

Discontinuous transition to shear flow turbulence, Zhuang et al, arXiv:2311.11474
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Body forces captured via higher order
terms

* Body forces would likely cause
additional flow instabilities and disturbances, we look at usual

DP MFT and add higher order terms
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Body forces captured via higher order
terms

* Body forces would likely cause
additional flow instabilities and disturbances, we look at usual
DP MFT and add higher order terms

I-p
> 0

815)0 — (2p — 1)p — p . pz _I_[a(p)pQ _I_ b(p)p3 annigilatio:l2A

proliferate

24 — 3A

* Physical consistency (p = 1 when p=1i.e. turbulent state at
large Re)

(2p — 1)p* — pp* + ap? + bp’lp=1,p=1 = 0
—|a+b=0

One effective Parameter! 19



Scaling reveals higher order terms are
important

e Relevant at transition?
op — Aop = NPPPép, ¢t — A1t = A7Vt

dp dp

) _ 2 )\2 _ )\25 . )\2 2

5; = OPP — PP — N5 pp — App

0 0

== Spp — pp* + ap*(1 — p)=———>n N2 P = \*(6p — pp?) + Nap? - 1

ot ot | |
term is RG relevant
DP

* Complete stochastic mean field description

Oip(Z,t) = Tp(Z, t) — gp(&,t)* —(cp® (&, )]+ TV>p(&, ) + n(x, 1)

l

Tricritical Directed Percolation 20




Higher order terms allow for

discontinuity
/. S S VA A
5; = 0pp —pp” +ap™(l—p) = 9
a<1 a>1

V develops another minima; transition

V has only one minima; transition continuously
discontinuously from p = 0top # 0.

fromp =0top # 0.

Turbulent fraction p
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Tricritical Directed Percolation

* Both discontinuous and continuous transition. A microscopic

lattice model that shows same phenomenology is given by
Tricritical Contact Process (TCP)

A rate (1—q)(1—p)> O
(4,9)
OA rate q(l—p)> OO0
(4,7)
OA rate (1—q)p> AA
(i,5)
AA rate (1—q)(1—p)> OA
(2,9)
OAA ﬁ AAA 24 — 34
7”]7
* A Tricritical Point in addition to usual DP critical point.
* Upper critical (spatial) dimension d,. = 3, only log corrections
for MFT exponents/scaling functions

22
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Predicted Phase diagram

q < q.: Line of
continuous DP
transitions

q > q.: Line of
discontinuous

transitions

Continuous and
discontinuous
lines join at
Tricritical point.
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Prediction: Modified exponents

 Near tricritical
point

—_
-

— For near the
transition point

p~ (r/g)7Pr

=
o0

2

g~ strength of body force

TLL 0.6
— But crossover at
large values
0.4
(7_) Brpp
£ c 'r>>‘?4%

0.2
7 ~ (Re — Re.)/Re.

* Mean field values
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DP = TDP = p (~ Re)
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Prediction: Two parameter scaling relation

—_
-

* Near tricritical
point the new
scaling relation is
given by

=
o0

=
>

g~ strength of body force

o
N

T ~ (Re — Re.)/Re.

where g has linear
dependence on both 0.2
Re and body force

strength near

tricritical point. 0'%.0 0.2 0.4 0.6 0.8 1.0
p (~ Re)
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Tricritical Directed percolation recapitulates the transition

profiles

Turbulent fraction in a spatially-uniform pipe: heated pipe
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Tricritical Directed percolation recapitulates

relaminarization
C metastable turbulence o
)
2 0.8
=
q>’ L0.6
©
o 0.4
©
8
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S £33
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10 0 50 100 150 200 Distance along pipe @
z/R
DNS Theory

e Turbulence can be metastable, laminar bubble develops /
stochastically and expands.

* Threshold laminar bubble size R controlled by
effective surface tension

O-N‘p_pc

‘3/2

\ Turbulence /28

Discontinuous transition to shear flow turbulence, Zhuang et al, arXiv:2311.11474



Summary

Body forces are expected to be a relevant
variable at the DP transition

Bio
] 4 Phase Coexistence( :
hay |4
We uncover a tricritical fixed point, still in the larger class of 1§ ,,
absorbing phase transitions. 2, Turbulent
(@)
< 2
Correction to critical exponent, mean field phase diagram and & 1 V(o)
scaling functions are predicted and can experimentally checked to £,
vindicate/falsify our analysis. o
o aminar o
e _egs . . . Discontinuous Transition
Tricritical DP qualitatively explains the S
turbulent fraction profiles k,,) ' /
Vip) Vip)
Captures the delay and sharpening of the laminar-turbulence \ / l = ‘
transition, in both heated and curved pipes. 7 continuous IR (Dpﬂw

0.(
f'b,() 0.2 0.4 0.6 0.8

Critical scaling can be extracted without
explicit use of Navier Stokes equation

Analyses of emergent long wavelength modes produces the
effective field theory governing the transition.
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Directed Percolation under body forces

e Since body forces would likely cause additional flow
instabilities and disturbances, we look at usual DP MFT and
add higher order terms

1-p
> 0

A
8tp — (2p - 1)p - p * p2 annigilation
A y 2A

proliferate

P = turbulent fraction/ density of A

= Re
p Steady State Density vs Control Parameter (p)
. 1.0 | — Steady State Density :
O E la}m’l/na’r‘ -=- Critical Point (p. = 0.5)
A = turbulent

sity (pss)

0.6

0.4r

Steady State Den

* Steady state:pvsp

0.21

0.01

0.0 0.2




Model: Directed Percolation under
Body forces

* Since body forces would likely cause
additional flow instabilities and disturbances, we look at usual
DP MFT and add higher order terms

2 2 3 A anni;;ition> 0
Op=(2p—L)p—p-p° +Bp)p" +()p”| , ™5™,

proliferate

* For physical consistency

— p = 0 when p=0 (complete laminarity when no birth-processes occur i.e.
absorbing phase exists) — Trivially satisfied by the above equation

— p = 1 when p=1 (complete turbulence when absorbing phase is destroyed) —
gives

(2p — 1)p* — pp® + B +7p°p=1,0=1 = 0
— B+v=0 = |y = —B| One effective Parameter!

36




Modified mean field theory

New mean field theory
8:p = dpp — pp° +[ﬁpz(1 —p) ]

Relevant at transition? Scaling by DP critical exponents must

leave MFT invariant

6p — Aop = A\PPPop ¢t — Al = A7Vt

dp . 2
9 = opp — pp

G
Oip = Spp — pp® + Bp*(1 — p) ==md 270 = )2(dp — pp?) + \2Bp? - 1

As a reaction process:

— )\2% = \26p — N2 pp?

AP0

=

ot

ot - p~0; 1—p~1

—J
\beta is RG marginal
DP

@ Hof group comment: ]

0 state remains absorbing since no
process like 0 = A present.

Valid absorbing state transition




Nature of transitions

* Can be seen within Lyapunov potential

Oup = bpp —pp* + p"(1—p) ==mp | 50 = =5~

(%)

Turbulence

<1
V has only one minima; transition _ V develops another minima; transition

fromp:OtOp#:O. _fromp=0top¢0.

Steady State Density vs Control Parameter (p)
1.0} — Steady State Density
=== Critical Point (p. = 0.5}
0.8

08
El 5
- B 064 ™
Z o
G 06 &= L ]
u = *
] 2 04

p~(p— C)ﬂDP
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Tricritical Directed Percolation

* New MFT can show both discontinuous and continuous
transition. A microscopic lattice model that shows same
phenomenology is given by Tricritical Contact Process (TCP)

A rate (1—q)(1—p)> O
(4,9)
OA rate q(l—p)> OO0
(i,5)
OA rate (1—q)p> AA
(2,9)
AA rate (1—q)(1—p)> OA
(2,5)
QAL 4aA 24 LNEY

* New model has same MFT, can show cont/discont transition
depending on g, and has a Tricritical Point in addition to usual
DP critical point.
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Tricritical Directed Percolation (TDP)

q < q.: Line of continuous DP
transitions

q > q.: Line of discontinuous
transitions

Continuous and discontinuous
lines join at Tricritical point.

Away from Tricritical point:
— 2nd order transition is in DP class

— 1t order transition -> no universality

At Tricritical point:

N |-

— Continuous transition, Srpp =

— Near tricritical point

p~<p—ptc>BTDP-f( 1—9c )

(p o ptc)q5

¢ = 1/2 is the crossover exponent,
characterizing shift from DP to TDP
universality class
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Tricritical Directed Percolation (TDP)

q < q.: Line of continuous DP
transitions

q > q.: Line of discontinuous
transitions

Continuous and discontinuous
lines join at Tricritical point.

Away from Tricritical point:

— 2ndorder transition is in DP class

— 1t order transition -> no universality

At Tricritical point:

— Continuous transition, Brpp = i
— Near tricritical point
Brpp q—dqc
p~ (p—pic)”TPT f<
’ (p T ptc)q5

¢ = 1/2 is the crossover exponent,
characterizing shift from DP to TDP
universality class
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Phase diagram

~
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.
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Tricritical Directed Percolation (TDP)

e At Tricritical point:

— Continuous transition,

1

exponent Brpp = 5

— Near tricritical point

Bropp/¢ £ D — Pc
P~ (q —q ) : f(
‘ (q _ th)¢
f~, (2,1,0) PP if < 1
337 ) i .
tbp 2Bt ifx>1

)

1.0

q 05

0.0

e Critical Dimension: 3 ( =4 for usual DP)

— MFT can be used for D=3 flows, with possibly logarithmic
corrections to exponents/scaling functions

-“‘—s——_—_—_—r———_———-—-—‘r

~ * '
N, PCT
N
. . \ ., .
Dlscontlnu‘)ui Transition
(|

active

.
»

‘\l 7

K i
. “/
Laminar / Turbulent
tricrit.
x> 1
<1 o
inactive I1.order
Continuoud Transition (DP)
0.0 0.5 1.0
pP
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TDP in pipe flows

* To make contact with expt data:

— Turbulent fraction inserted at start of pipe:
* Modify the MFT to include space

Spatial
L 2 3 2 inhomogeneity
Otp = Tp,aP — Yp.qP _[Cp,qp ] +[FV 4 —
MFT corresponding to TDP Tpg =2p—1
gpa =P — (2—Dp)g
— Spatially uniform pipe simulations: Cpq = 4
ikl . v 10 - heated pipe
05 o U1 oson i c ——1,000 R/Us
t/T: 0.750000 7 O 08
i ot P = —8-2,000 R/Uq
5 06/ /DP g 06 | —e—>10,000 RV«
po / E
5] ! = 04 [
2 044 I a<q 2
E "’ 2 02 }
02 0.0 s 1 . A 1 L )
3,500 3,600 3,700 3,800 3,900
Re

004 f T T T
0.2 0.4 0.6 0.8 Lo

p Expt data on heated pipe 43



TDP in pipe flows

* To make contact with expt data:

— Turbulent fraction inserted at start of pipe :
* Modify the MFT to include space

Spatial
L 2 3 2 inhomogeneity
Otp = Tp,qP — 9p,qP _[Cp,qp ] +[FV 4/
MFT corresponding to TDP Tpg =2p—1
9pg =P —(2—Dp)g
— Spatially uniform pipe simulations: Cpqg = 4

t/T: 0.025000
t/T: 0.050000
t/T: 0.075000
t/T: 0.500000
t/T: 0.750000

heated pipe
——1,000 R/U«
—8-2,000 R/U«

—o—> 10,000 R/Ua

=)
I

=2
I

.
1

Heating =
TDPforq > q. ,
i.e. first orderregime Kiss

Turbulent fraction

]

3,700 3,800 3,900

Re

004

0.2 0.4 0.6 0.8 Lo

p Expt data on heated pipe a4



TDP in pipe flows

* Now we consider the case for curved pipes.

— Include proper body forces:

« Curvature driven flow instabllity, input it via higher
order terms in the Landau theory

— Include spatial dependence

« Boundary conditions: p = 1 at S
boundary inlet @ i

 Allow for Spatially inhomogeneity




1O}

0.8}

0.6p

0.4

0.2}

MFT for curved pipes

« Since hydrostatic force is expected to not strongly deform the
flow profile, it should likely result in a modification at a lower order

than curvature (cubic)

Otp = Tp,aP — Ip.aP” — Cpap” +TVp

MFT corresponding accounting curvature as a body force

Turbulent fraction p for different x values, L=1000

oo},

o

0.0

0.2 0.4 0.6

-~ 40. -»- 80. - 160. -4 320. -» 995.

0.8

1d

turbulent fraction

1.0

0.8

0.6

0.4

02

0.0

curved pipe
—+—1,000 R

[ —4—2,000 R

-8-8,000 R
- —0—24,000 R

3,400

3,500

3,600
Re

3,700

3,800



Lok

0.8}

O.6f

0.4}

0.2}

 Depending on spatial coupling strength, the profiles can
be smoothened/discontinuity avoided.

0.0},

Turbulent fraction p for different x values, L=1000

|

0.0

A L i L
0.2 0.4 0.6 0.8

-s- 40. a0 160. 320. -» 995.

r/ﬁ = 100

h Lo}

T 0.8}

1 0.6F

1 0.4F

A 0.2}

1 oo},

p(p) for different x values

M H-FW

0.0

0.2 0.4 0.6 0.8

- 40, 160. 320. -+ 995.

T'/vVL = 1000

* We cannot, apriori, bound I' from the expt values since it
might not be in steady state for curved pipe.

* However, qualitatively, the smoothing can be explained

by the Laplacian term in MFT.
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Nucleation of critical droplets

e First order transition
— Possible that turbulence is

=

metastable. 48)
* |nitializing a fully turbulent p LBk
flow will recover laminarity c
. 4,0 0.
through a nucleation a M ?
process. 2 e
52,000 Earta® 0.1q
S e
&1,000 F
(O]
€ o 0.0

o




Dynamical Nucleation
/

e Alaminar blob of radius R

— Has lower free energy contribution from
volume but energy required to create
the laminar-turbulence interface

i.e. surface tension o \ Turbulence /

AT R3
3

9 /pzp* [F ) A‘/lyapunov] /2
o=2-
p=0 2

AFE =

) (V;furbulent — ‘/Zaminar) + 47 - R2 -0

— For R > critical droplet size R, laminar blob expands unto
and covers metastable turbulence.

9.
R, = ° x VT

‘/turbulent 49




* Assuming I' as constant near the transition
and neglecting any higher order dependence

of g, measurement of R can provide a value
for’

* An additional check can be from surface
tension measurements, which are expected to
scale near the tricritical point as

3/2
JN|p_pc|/



Relaminarization of flow

X

metastable turbulence

(7]

* 4,000

N\

its

3000 F 8

Ive un

2,000 F s

ct

1,000 f &=

time (adve

o

10 0 50 100 150 200
z/R
1.0

* We initialize a fully
turbulent flow p = 1 with a
laminar bubble p = 0 in
the centre (see fig).

pP(X,1) 0.5

Jo,

0.0/
-50

e Since turbulence is
metastable (for current
parameters), the laminar
section expands, ultimately
relaminarizing the flow.
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Summary

Body forces are expected to be a relevant variable at the DP
transition

Adding RG relevant terms, we uncover a tricritical fixed point, still in
the larger class of absorbing phase transitions.

The results qualitatively explain the delay and sharpening of the
laminar-turbulence transition, in both heated and curved pipes.

The spatial variation of the turbulent fraction is in good semi-
quantitative agreement with experiment.

A possible next step would be see if any possible scaling could be
worked out between from the data of turbulent fraction at different
pipe locations. Currently we’re seeing how to extract this info.



Reserve Slides
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MFT with spatial inhomogeniety

* To make contact with curved pipe data:

— Turbulent fraction inserted at start of pipe:
* Modify the MFT to include space

e Set initial turbulent fraction =1 near x=0

Lowest order
dp
- = (Op—ph) - p— p,02 + ph — RG relevant

ot term

— Include proper body forces:
 Hydrostatic force: F = pgd — h(x) =cx
e Centrifugal force: F = const - h=A
* h - h(x) = cx + Al e. linearly decreasing
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Results

Turbulent fraction at different x for different Values of p, L, ¢, =50

04— x=0241L
—8— x=05L
—&— x=054L
—8— x=056L
—— x=06L
—8— x=06L

0.8 H

S —o— x=00641L
e —— x—0661L
s X =068L
- 064 —e— x=07L
)

[ =

£

=

2

S 04

=

Il

%

0.0 4

0.2 04 0.6 0.8 1.0

p = Re

* Qualitative Agreement: DP transition delayed to higher Re,
Sharpening down the pipe
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Turbulent Fraction

P

Sensitivity to centrifugal force term
e Effect of changing A

Turbulent fraction at different x for different Values of p, L;, ¢, =50

Lol - x=o0211 Turbulent fraction at different x for different Values of p, L, s, =50
—&— x=05L
—-
- x e
—— X o= x=0
(]s_—.—}( —8— x=056L
T e x -
- x -
s |
2
i 8
0.6 &0
-
=
[
S
b
(IR =
l_
Il
=N
0.2 !
0.0+
02 04 06 08 1o p = Re
p = Re
A=5 % 107 A=5 %10

— Lower A delays the transition further down the pipe

— This is scaled A, but here we did not carefully track non-
dimensionalization
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Turbulent fraction at different x for different Values of p, Lyt =50

x=024L1
x=05L
x=054L
x=056L
x=06L
x=061L
x=0064L

o

1.0

10 - Curved pipe
—+—1,000RR
08 r —a-2,000R
——4,000R
-8-8,000R
04 + —8=24,000R

x=0066L
x=068L
x=07L

FE44t944td

06

turbulent fraction

02

0.0 ' :
3,400 3,500

3,600 3,700 3,800 0.0
Re 02 04 0.6 08 o

* Consequences:

— Qualitative agreement gives support to MFT, moreover recent work?!
shows that the critical region where MFT fails is roughly 1Re for
straight pipes

— Since the transition curves depend on A, curves could in principle be
data collapsed, but here it would depend on 2 parametersi.e. one

might expect a one parameter family of data collapsed curves indexed
by A

1: Directed percolation and puff jamming near the transition to pipe turbulence ; Lemoult et al. (2023) 57



Tricritical points

* Need to tune two parameters (Expt)
* Plot effective exponent and see crossover

TCP
D=2

L4

E)q"1 dp



TDP,_, | TDP,., | DP,_, [46, 47, 35, 43] | D = 3 [48, 35, 43] | DP .,

B 0144002 1/2 0.5834 =+ 0.0030 0.813 + 0.009 1

v, | 059+£0.08 | 1/2 0.7333 + 0.0075 0.584 + 0.005 1/2
Y 1 1.2950 + 0.0060 1.110 + 0.010 1
o |[112+005| 3/2 2.1782 + 0.0171 2.049 + 0.026 2
v 1093+£006 | 1/2 0.2998 + 0.0162 0.126 4 0.023 0
~ | 1.00£0.06 1 1.5948 =+ 0.0184 1.237 + 0.023 1
n. | 0.42+0.24 1 1.5912 + 0.0148 1.783 + 0.016 y
D | 1.764+0.05 9 1.2044 =+ 0.0091 1.608 + 0.019 9
I 1 g=p g=p 1
5 1 0.4505 + 0.0010 0.732 4 0.004 1
o) 1/2 a=4 a=24 1
0 0 0.2295 =+ 0.0010 0.114 + 0.004 0
2 9 1.7660 =+ 0.0016 1.901 + 0.005 2
% 0.35+0.05 | 1/2 0.25 4+ 0.01 0.65 + 0.03 1

U |08440.04 0.704 + 0.013 0.61 & 0.02 1/2
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Puff absence for reported curved pipe
data



Modified mean field theory describes
discontinuity, uncovers a tricritical point

Regular directed percolation

A—=L0 Gip=(2p—1)p—p-p°

annihilation

A P 94

proliferate

op

AN

aminar
urbulent

0y
~+ =~ m
[

o s -

Directed percolation with higher order marginal term

AP

oo,
-
z

1

Density (pss)
-

T~

0 Steady State Density
-=- Critical Point (p,

Steady State Density vs Control Parameter (p)

A2 24

8:p = dpp — pp° +[Bp2(1 - p)]

24 25 34

Near 3 = }%, cubic term can become relevant, leading to tricritical

point

Depending on < 1/2 or $ > 1/2, new mean field theory
predicts a continuous DP or a discontinuous

transition.

ol Parameter (p)

Steady State Density vs Control Parameter (p)
'
Density !

.. transition

transition SGONUNUGUSH

Turbulent fraction




Roughness-induced criticality

Answered the question of what would be the signatures of turbulence
as a dynamic critical phenomenon?

Critical: theory predicts new scaling laws in Re, roughness (r)

Experimental Agreement in 2D Soap Films

Roughness-induced: laminar pipe flow is linearly stable, but boundary
roughness is a relevant variable, coupling to turbulent state.
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Roughness as Body force

Using conformal mapping,
it was shown by Nigel that
roughness can be
transformed into two-body
force terms in NSE.

This provided a link
between body forces and
roughness, where these
can be thought of as
conjugate fields that couple
to turbulence (i.e. order
parameter).

RAPID COMMUNICATIONS

PHYSICAL REVIEW E 79, 065306(R) (2009)

Friction factor of two-dimensional rough-boundary turbulent soap film flows

Nicholas Guttenberg and Nigel Goldenfeld
Department of Physics, University of Illinois at Urbana—Champaign, 1110 West Green Street, Urbana, Ilinois 61801-3080, USA
(Received 11 August 2008; revised manuscript received 29 May 2009; published 25 June 2009)

We use momentum-transfer arguments to predict the friction factor f in two-dimensional turbulent soap film
flows with rough boundaries (an analog of three-dimensional pipe flow) as a function of Reynolds number Re
and roughness r, considering separately the inverse energy cascade and the forward enstrophy cascade. At
intermediate Re, we predict a Blasius-like friction factor scaling of fxRe™? in flows dominated by the
enstrophy cascade, distinct from the energy cascade scaling of Re™™. For large Re, f~r in the enstrophy-
dominated case. We use conformal map techniques to perform direct numerical simulations that are in satis-
factory agreement with theory and exhibit data collapse scaling of roughness-induced criticality, previously
shown to arise in the three-dimensional pipe data of Nikuradse.

DOI: 10.1103/PhysRevE.79.065306

Turbulent flows are marked by rich structure over a range
of scales—they host fluctuations, vortices, tangles, and other
coherent structures that continue to defy a detailed analytical
understanding [1,2]. When parametrized in terms of the
typical flow speed U, characteristic length scale L and
kinematic viscosity of the fluid » three-dimensional wrbu-
lence exhibits universal phenomena as the Reynolds number
Re=UL/v—w=. Most famously, in a theory referred to as
K41 [3.4], the dependence of the fluctuation energy spectrum
E(k) on the wave number and mean energy-transfer rate €
occurs in a way that is independent of »: E(k)=&"k~" for
values of the wave number in the so-called inertial range,
intermediate between the scales of forcing and the scales
where molecular viscosity becomes significant. In this iner-
tial range, turbulent eddies break up into smaller eddies
through a mechanism, which is to a first approximation
Hamiltonian, and results in a cascade of energy to smaller
length scales [5].

During the 1930s, Nikuradse undertook a systematic se-
ries of measurements of the pressure drop across a turbulent
pipe flow as a function of Re [6] and also as a function of

PACS number(s): 47.27.ck, 47.27.nf

tions. Second, Goldenfeld [13] pointed out that the power-
law behavior of Nikuradse’s friction factor data in the re-
gimes Re—o and r/D—(0 was analogous to critical
phenomena, where the inverse Reynolds number and rough-
ness play similar roles to, for example, the coupling constant
and external magnetic field in an Ising model. Consequently,
the dependence of Nikuradse’s data on Re and r can be col-
lapsed onto a universal function with sufficient precision for
intermittency corrections to be extracted [14]. These results
show that the friction factor reflects the nature of the turbu-
lent state through its dependence on the energy spectrum and
that the turbulent state is itself a manifestation of a nonequi-
librium ecritical point at Re=o and r/D—0.

The purpose of this Rapid Communication is to test the
claims of Refs. [12,13] in a context where detailed calcula-
tions are in principle possible: the case of two-dimensional
(2D) soap film turbulence [15,16]. Here, a soap film is sup-
ported between two vertical wires, and the draining flow pro-
vides a versatile laboratory for exploring two-dimensional
turbulence [16]. It is well understood that the nature of tur-
bulence in 2D is different from three-dimensional: there is no
vortex stretching, for example. Nevertheless. turbulent phe-
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Representation of Roughness

 Want to generate walls with a particular E
lengthscale or set of lengthscales using the E =
conformal map.

* At lower boundary (v=0), try:

z = w + retfv
e Coordinate singularities when

1’| = (1 — rksin(ku)e *)? + (rk cos(ku)e *")? =0
n —kv
ku — 5 —+ nm, e p— ’]"k

- rk <1 inorder to prevent singularities inside the
computational domain.
— Parameters r and k.
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Conformal Mapping

* Navier-Stokes equation before mapping:
%—Y+V-VV=UVZV—VP

* Map coordinates: ;4 iy — f(u + iv)

V = (Yo Ve — 2, V)0 + (2, V) — yu Va)V

/12 . 2 2 ﬁ _ LTulYuwv _|_ Ly Ly
|g | = Ly, -+ Ly —
Lylyv — wvyuv

* Navier-Stokes equation after mapping:
\ N/ |2
|g’|2—a¥ +(V-V)V =vV?V + VI A b

B _
PIE |g’|2A (VxV), —-VP
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Meaning of New Terms

AY _ - _ |V|? 2v
1’ + (V- V)V =vV?V A
9] By + (V- V) vVEV + PaE T PaE

* Two new body forces as a result of the

A (V x V), —VP

mapping:
|\7|2 A Body force due to acceleration around contours
g’ |2 of the boundary

Body force due to curvature in the map
2v AL(V x V), corresponding to vorticity of the real-space
9’| velocity field.
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Roughness-induced criticality

Answered the question of what would be the signatures of turbulence as a
dynamic critical phenomenon?

Critical: theory predicts new scaling laws in Re, roughness (r)

Experimental Agreement in 2D Soap Films

roughness is a relevant variable, coupling to turbulent state.

!

[Roughness-induced: laminar pipe flow is linearly stable, but boundary}

Can couple to turbulent fraction (order) and promote it
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Intermittency corrections

Mehrafarin & Pourtolami (2008)
1. Definition of intermittency exponent

<5U£2> . ((8;)[)28 . l2/3+¢7
f~%  fert as3+d

2. Momentum transfer

3. Flow transformation under rescaling
e Boundary layer viscosity~- (length < velocity), i.e., as ~r*+L.

f(i%,ﬂ‘ﬂf‘l Re) - E“f(%,Re)

4. Putting it all togethe /- Re—@ﬁ?ﬂ’@”"ﬂg(% Reﬁ*’@”?ﬂ)
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