High and low
temperature
expansions of the ising
model and Duality

Topics

» 2d ising model expansions
» Duality in 2d ising model

» Duality in 3D ising

- Example



2D ising model
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Ising model low T exp.

- Take the original state to be ordered 3% =*Land
then look at small excitations(spin flips) around it.
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High T expansion

» For the ising model, a natural way to analyse
high temperature expansion is to look at the
parameter tanh K.
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Duality in 2d ising

- Look at the series expansions.

For the low temperature case we have,

Lons= 2 ezNK[ 14N & raN e o
_ e:mn Z e,X.P["ZK . Foum'l'm o% s )O'Y)dj

islomd

0% ~Ve

%pv'vl

For the high temperature case, we subsequently
have
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- Hence it maps a low temp to a corresponding
high temp (and vice versa)

Bf= /w_:/} - 9K 4—8[5’2’9 = corut 1t g lbamh )
» Therefore if g is singular at k1, it should also be
singular at a corresponding k2. Since the model

IS analytic everywhere except at critical point, it
must be self dual at the critical coupling




3D ising model duality

- Low temperature expansion
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- High temperature expansion
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No duality. Might be dual to some other model.
What features should this dual model have?

1. Use areas as building blocks instead of
bonds.
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2. Plaguettes must only contribute when they
enclose a closed surface. What will ensure this?
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As a solution to this paradox, Wegner suggested
that phase transition occurs without a local order
parameter. The two phases are then distinguished

based on the asymptotic behaviour of correlation
functions.



4. Ising model in a field: Consider the partition function for the Ising model (o; = +1)

on a square lattice, in a magnetic field h; 1.e.

Z=> exp |:K20'i0'j+h20'{|.

{o} (i) i
(a) Find the general behavior of the terms in a low-temperature expansion for Z.
(b) Think of a model whose high-temperature series reproduces the generic behavior

found in (a); and hence obtain the Hamiltonian, and interactions of the dual

model.
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what exoctly dp we coomt ?
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